
P (Cj |C) = P (C∩Cj)
P (C) = P (C|Cj)P (Cj)Pk

i=1 P (C|Ci)P (Ci)
Markov’s inequality: conditional pdf of X2 given X1

where Ω =
⋃k

i=1 Ci, Ci ∩ Cj = φ Pr [u (X) ≥ c] ≤ E[u(X)]
c ∀c > 0 f (x2|x1) = f(x1,x2)

f1(x1)

E [u (X2) |x1] =
∫

u (x2) f (x2|x1) dx2

mgf of X is M (t) ≡ E [exp (tX)] Chebyshev’s inequality:
mgf is unique and 1:1 with distribution Pr [|X − µ| ≥ cσ] ≤ 1

c2 Law of Iterated Expectation :
M(t) = M (t1, . . . , tn) ≡ E [exp(t′X)] Pr [|X − µ| ≥ ε] ≤ σ2

ε2 E [X2] = E [E [X2|X1]]

(Def.) X1 and X2 are independent if Jensen’s ineqaulity: Correlation coefficient:
(1) f (x1, x2) = f1 (x1) f2 (x2) g (E [X]) ≤ E [g (X)] ∀g′′ > 0 ρ = E[(X−µX)(Y−µY )]

σXσY

(2) ∃g, h s.t f (x1, x2) = g (x1)h (x2)
(3) M (t1, t2) = M (t1, 0) ·M (0, t2) X ∼ b(n, p) X ∼ N(µ, σ2) ⇒ Y = X−µ

σ ∼ N(0, 1)
f(x) = n!

x!(n−x)!p
x(1− p)n−x

(Thm.) If X1 and X2 are independent M(t) = (1− p + pet)n
X ∼ N (0, 1) ⇒ X2 ∼ χ2 (1).

(1) Pr (a < X1 < b, c < X2 < d) E[X] = np, V ar(X) = np(1− p)
= Pr (a < X1 < b) · Pr (c < X2 < d) Xi

iid∼ N (0, 1) ⇒ ∑n
i=1 X2

i ∼ χ2 (n).
(2) E[u(X1)v(X2)] = E[u(X1)]E[v(X2)] X ∼ Poisson(λ)
(3) Cov (X1, X2) = 0 f(x) = λxe−λ

x! Xi
iid∼ N(0, 1) ⇒ Xn×1 ∼ N (0, In)

M(t) = exp[λ(et − 1)]
Let Y = u(X) and u is 1:1 (monotone) E[X] = V ar(X) = λ X ∼ N(µ,Σ) ⇒ for m× n A,
fY (y) = fX [u−1(y)] (discrete) Y = AX ∼ N(Aµ,AΣA′)
fY (y) = fX [u−1(y)]

∣∣∣ d
dy u−1(y)

∣∣∣ (cont.) X ∼ Γ(α, β)

where u−1(y) =
(
V1(y)
V2(y)

)
f(x) = 1

Γ(α)βα xα−1e−
x
β , (x > 0) X =

(
X1
X2

) ∼ N(µ,Σ), then
∣∣∣ d
dy u−1(y)

∣∣∣ =

∣∣∣∣∣det

(
∂V1
∂y1

∂V1
∂y2

∂V2
∂y1

∂V2
∂y2

)∣∣∣∣∣
M(t) = (1− βt)−α

E[X] = αβ, V ar(X) = αβ2
X1 and X2 are independent iff
E

[
(X1 − µ1) (X2 − µ2)

′] = 0
where Γ(α) =

∫∞
0

yα−1e−ydy

{Yn} converges in probability to Y Γ(α) = (α− 1)Γ(α− 1), X =
(
X1
X2

) ∼ N(µ,Σ) ⇒ X1|X2 ∼ N

if limn→∞ Pr [|Yn − Y | ≥ ε] = 0, ∀ε > 0 Γ(1) = 1, Γ( 1
2 ) =

√
π with mean= µ1 + Σ12Σ−1

22 (X2 − µ2)
α = 1,β = 1

λ implies variance= Σ11 − Σ12Σ−1
22 Σ21

{Yn} converges almost sure to Y f(x) = λe−λx (exponential)
if P [ω| limn→∞ Yn(ω) = Y (ω)] = 1 α = n

2 ,β = 2 implies χ2
n X ∼ N (0, In), then AB′ = 0 iff

AX and BX are independent
{Yn} converges in distribution to Y X ∼ beta(α, β)
if limn→∞ Fn (y) = F (y) f(x) = Γ(α+β)

Γ(α)Γ(β)x
α−1(1− x)β−1 X ∼ N (0, In) ⇒ X ′X ∼ χ2 (n)

for every continuous point of F E = α
α+β , V = αβ

(α+β+1)(α+β)2

Z ∼ N(0, 1), nY ∼ χ2
n ⇒ Z√

Y
∼ tn

Law of Large Numbers (Yi ∼ iid) X ∼ N(µ, σ2)
E [Yi] = µ and V ar (Yi) = σ2 < ∞ f(x) = 1

σ
√

2π
exp

[
− (x−µ)2

2σ2

]

We then have plimn→∞Ȳn = µ M(t) = exp
[
µt + σ2

2 t2
]

· var(X) = E[XX ′]− µµ′

· var (AX) = Avar (X) A′

Central Limit Theorem (Xi ∼ iid) X ∼ N(µ, Σ) · U ∼ U(0, 1), F : cdf
E [Xi] = µ and V ar (Xi) = σ2 or Σ f(x) = 1

(2π)
n
2
√
|detΣ| ⇒ Y = F−1(U) has cdf F

1√
n

∑n
i=1 (Xi − µ) =

√
n

(
X̄ − µ

)
exp

[− 1
2 (x− µ)′Σ−1(x− µ)

] · ∑∞
x=0

kx

x! = ek

d−→ N(0, σ2) or N(0, Σ) M(t) = exp
[
µ′t + t′Σt

2

]
· limn→∞

(
1 + b

n

)cn
= ebc

√
n is rate of convergence. · d

dx

∫ b(x)

a
F (t)dt = F (b(x)) · b′(x)

X ∼ U(a, b)
· Xi : independent & Y =

∑n
i=1 aiXi f = 1

b−a , E = a+b
2 , V = (b−a)2

12

⇒ MY (t) =
∏n

i=1 Mi (ait)
· Yn

d−→ c ⇔ Yn
p−→ c X ∼ tn

· limn→∞Mn(t) = MY (t) ⇒ Yn
d−→ Y f(x) = Γ[(n+1)/2]√

πnΓ[n/2]
·
(
1 + y2

n

)−n+1
2
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h(·): continuous, plimn→∞ Yn = c
⇒plimn→∞ h(Yn) = h(c)

Slutsky: Yn
p−→ c,Xn

d−→ X

⇒ YnXn
d−→ cX

Delta:
√

n(X̄ − µ) d−→ N(0, σ2)
⇒ √

n[u(X̄)− u(µ)]
d−→ N(0, [u′(µ)]2σ2)

(or) d−→ N(0, GΣG′)
for multivariate: G = du(µ)

dX′

θ̂(X) is unbiased if E[θ̂(X)] = θ

θ̂(X) is consistent if θ̂(X)
p−→ θ

θ̂(X) is MLE
if θ̂(X) = arg maxθ∈Θ L(X, θ)

Invariance Theorem:
θ̂: MLE of θ, and h:monotone
⇒ h(θ̂): MLE of h(θ)

Method of Moments:
E[Xj

i ] = Mj(θ1, · · · , θK) j=1,··· ,K
M is 1-1 ⇒ (θ̂1, · · · , θ̂K)

= M−1
(

1
n

∑
Xi, · · · , 1

n

∑
XK

i

)

Measures of estimator quality:
θ̂ is UMVE of θ if E[θ̂] = θ and

var(θ̂) ≤ var(θ̃) when E[θ̃] = θ

Loss fnction: L[θ, θ̂(x)]
Risk: R(θ, θ̂) = E[L(θ, θ̂[X])]
Risk Minimum Estimator :)

MSE = E[{θ̂(X)− θ}2]
= var(θ̂) + (bias)2

BLUE: best linear unbiased e...
β̂ = (X ′X)−1X ′y is BLUE

X ∼ f(x, θ), Y = u(X) ∼ g(y, θ)
E[X|Y = y] doesn’t rely on θ
⇒ Y is sufficient for θ

Factorization theorem:
Y = u(X) is sufficient for θ
⇔ f(x, θ) = h1[u(x), θ]h2(x)

Rao-Blackwell theorem:
Y = u(X) is sufficient for θ

E[θ̂] = θ, φ(y) = E[θ̂|Y = y]
⇒ E[φ(Y )] = θ, var(·) ≤ var(θ̂)

Score:
S(x, θ) = ∂logf(X,θ)

∂θ
E[S(X, θ)] = 0

Fisher information I(θ):

I(θ) = E

[(
∂logf(X,θ)

∂θ

)2
]

= −E
[

∂2logf(X,θ)
∂θ2

]

= E [S(X, θ), S(X, θ)′]
= −E

[
∂2logf(X,θ)

∂θ∂θ′

]

X = (X1, · · · , Xn)′ and
Xi ∼ iid ⇒ I(θ) = nJ(θ)

Cramer-Rao inequality:
E[θ̂] = θ

⇒ var(θ̂) ≥ I(θ)−1

I(θ)−1: CR lower bound

Unbiased θ̂ is efficient
if var(θ̂) = I(θ)−1

√
n(θ̂n − θ) d−→ N(0, σ2)

⇒ θ̂n is asympt. efficient
if σ2 = I(θ)−1

* Info Mat of original pdf

limiting dist. of MLE
MLE is asympt. efficient√

n(θ̂MLE − θ)
d−→ N(0, I(θ)−1)

* Info Mat of original pdf

Bayesian Estimation:
K(θ|x) = L(x|θ)h(θ)R∞

−∞ L(x|θ)h(θ)dθ

(posterior)

C: critical region
reject H0 when x ∈ C

Power(θ) = Pr(X ∈ C|θ)
Pr(Type I error)=Pr(X ∈ C|θ ∈ Θ0)
Pr(Type II error)=Pr(X ∈ Cc|θ ∈ Θ1)

Size α of a test is
α = maxθ∈Θ0 Pr(X ∈ C)

C is optimal for tesing H0 against H1

if for any critical region A of size α,
Pr(X ∈ C) ≥ Pr(X ∈ A) under H1

Neyman-Pearson theorem:
The optimal test has

C =
{

x
∣∣∣ f(x,θ1)
f(x,θ0)

≥ k
}

Uniformly Most Powerful test: a test with
C optimal against any µ = µ1 ∈ H1

LR (Likelyhood Ratio) test:
X ∼ f(x, θ),H0 : θ ∈ Θ0,H1 : θ ∈ Θ1

LR = supθ∈Θ f(x,θ)

supθ∈Θ0
f(x,θ)

LR test is C = {x|LR ≥ k}
where k is chosen so that the size = α

Asymptotic test: LR,Wald,LM∼ χ2
k

2
(∑n

i=1 log f(Xi, θ̂)−
∑n

i=1 log f(Xi, θ0)
)

n(θ̂ − θ0)′I(θ̂)(θ̂ − θ0)
1
n [

∑n
i=1 S(Xi, θ0)]′I(θ0)−1[

∑n
i=1 S(Xi, θ0)]

Linear Regression Model:

y =




y1

...
yn


 , X =




x1

...
xn


 , ε =




ε1

...
εn




y = Xβ + ε, ε ∼ N(0, σ2I)
β̂ = (X ′X)−1X ′y = β + (X ′X)−1X ′ε
∼ N(β, σ2(X ′X)−1)

û = y −Xβ̂ = y −X(X ′X)−1X ′y
= My = M(Xβ + ε)
= (I −X(X ′X)−1X ′)Xβ + Mε = Mε

(n−k)s2

σ2 = û′û
σ2 = ( ε

σ )′M( ε
σ ) ∼ χ2

n−k

β̂ is independent of s2

c′β̂ ∼ N(c′β, σ2c′(X ′X)−1c)
t = c′(β̂−β)

s
√

c′(X′X)−1c
∼ tn−k

da′x
dx = dx′a

dx = a dAx
dx = dx′A′

dx = A′

d(Ax)′(Bx)
dx = (A′B + B′A)x
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