p(Onc;) _ _ P(C|C;)P(C))

P(C;]C) =
where Q = Ule Ci,C;NCj=¢

mgf of X is M (t) = E [exp (tX)]
mgf is unique and 1:1 with distribution
M(t) = M (t1,...,tn) = E [exp(t'X)]

Def.) X; and X, are independent if

(Def.
(1) f(z1,22) = f1 (z1) fa (z2)

(2) 3g,h st f(z1,22) = g(z1) h(2)
(3) M (t1,t2) = M (t1,0) - M (0, 12)

(Thm.) If X; and X5 are independent
(1) Pr(a < X1 <b,c< Xy <d)

=Pr(a<X; <b)-Prc< Xy <d)
(2) Elu(X1)v(Xz)] = Elu(X1)]E[v(X2)]
(3) Cov (Xl,XQ) =0

Let Y = u(X) and u is 1:1 (monotone)
fr(y) = fx[u™"(y)] (discrete)

Iy () = fxu=(y)] ’d%ufl(y)‘ (cont.)
where u=!(y) = (“283)
oV oy
dutw)| = et | 30 O
dy1 Iy2

{Y,.} converges in probability to Y’
if lim, oo Pr[|Y, = Y| >¢] =0,V >0

{Y,,} converges almost sure to ¥’
if Plw|lim,—c Yn(w) =Y (w)] =1

{Y,.} converges in distribution to Y’
if lim, 00 Fr, (y) = F (y)
for every continuous point of F'

Law of Large Numbers
ETYi]

(Y; ~ iid)
=p and Var (Y;) = 0? < 00

We then have plim,, oY, = i
Central Limit Theorem
EXi]

LS (K- =
<, N(0,0%) or

(X; ~ #id)
=pand Var (X;) =0% or ¥
Vi (X = p)
N(0,%)

\/n is rate of convergence.

X; : independent & Y =" | a; X
= My (t) = [T;=; M; (ait)
-Y, BN Y, ¢

i e My (t) = My (t) = Y, -5V

P(O) T XE P(CICHP(Cy)

Markov’s inequality:

Priu(X)>(< M Ve >0

Chebyshev’s inequality:
Pr([X — pf > co] <
PrlX —ul>el <%

Jensen’s ineqaulity:
g(E[X]) <E[g(X)] Vg">0

X ~b(n,p)

f@) = g™ (L —p)" "
M(t) = (1 —p+pe')"

E[X] = np,Var(X) = np(1 —p)
X ~ Poisson(\)

fla) =2

M(t) = exp[A(e’ — 1)]

X ~T(a,p)
f(z) = Wwafle_%, (x > 0)
M(t)=(1-pt)~«
E[X] = Oé@VaT( ) = ap?
where I'(« fo a=le=ydy
I(a ) (a—l) (a—1),
r(1)=1,T(%) =7
a=10= l nnphes
f(z) = /\67)‘“3 (exponential)
o = %,0 =2 implies x}

X ~ beta(a, )
_ T(at+p)
F(#) = tar

EZQLW’VZ

o1 — )8t

@rAT )@ th)?

X ~ N(p,0?)

r—p)?
f(.i?) = o 127r exXp [_ . 205) :|
M(t) = exp [wf + %2152}

X~N (u, E)
T em) 2 ,/|det2

I[(n+1)/2]
= Vrnlln/2)

()

conditional pdf of X5 given X,
_ f(z1,22)
fi(zy)
Ju(w2) f(w2]rr) dry

f(z2]21) =
Elu(X2)|z:1] =

Law of Iterated Expectation :
E[Xs] = E[E [X2|X4]]

Correlation coefficient:

_ B[(X—px) (Y —py)]
p OxX0oOy

y = ¢

(o2

X ~ N(p,0%) =

~ N(0,1)
X ~N(0,1) = X2~ x2(1).

X, W N(0,1)= ", X2~ \2(n).

X; W N0,1) = Xnx1 ~ N (0,1,)

X ~N(u,X) = for mxn A,
Y = AX ~ N(Ap, AT A')

X = (3}) ~ N(u, %), then

X1 and X5 are independent iff
E (X1 —p1) (Xa — )] =0

X=(§)~Nux) = Xl\Xg ~N
with mean= p; + 212222 (Xo — p2)
variance= X1 — L1255 Yoy

X ~N(0,1,), then AB’ =0 iff
AX and BX are independent

X ~N(0,I,) = X'X ~x?(n)

2 Z

-var(X) =E[XX'] -

-var (AX) = Avar (X) A’

-U~U(0,1),F: cdf
=Y = F~1(U) has cdf F

Yk =t

- limy oo (1 + %)m = ebe

YD P de = F(b()) -V (@)



h(-): continuous, plim, ., Y, = ¢
=plim, 0 h(Yy) = h(c)

Slutsky: V,, 2= ¢, X, -5 X
=Y, X, %X

Delta: /n(X — u)—>N(OU)

= Vnlu ( ) ()]
N(O, [u'(1)]?0?)
(or) N(0,GEG")

for multivariate: G = ds)((’f

0(X) is unbiased if E[ )(X )] =
0(X) is consistent if 6(X) -
(X) is MLE

if (X) = arg maxgeo L(X, 0)

Invariance Theorem:
f: MLE of 6, and h:monotone
= h(0): MLE of h(#)

Method of Moments:

E[ij] :Mj(QIW" 7€K) j=1,-,K
Mis 1-1 = (91,-~- ,0K)
1 (%ZX“ 7%2)(11()

Measures of estimator quality:
0 is UMVE of ¢ if E[] = 6 and
var(0) < wvar(f) when E[f] =0

Loss fnction: L[6, 0(x)]
Risk: R(0,0) = E[L(6,0]X))]
Risk Minimum Estimator :)

MSE = E[{6(X) — 6}’]

= var(6) + (bias)?

BLUE: best linear unbiased e...
B=(X'X)"'X"y is BLUE

E[X]Y = y] doesn’t rely on 6
=Y is sufficient for 6

Factorization theorem:
Y = w(X) is sufficient for 6
< f(x,0) = hi[u(zx),0]ha(x)

Rao-Blackwell theorem:

Y = w(X) is sufficient for 6

E[B) =6, 6(y) = BB —=y]
= E[p(Y)] = 0,var(-) < var(f)

Score:
S(I 9) Ologg(X ,0)
E[S(X,0)]=0

Fisher information I(6):
10)=E [(m”gf “v”)z]

8%logf(X,H)
—E 002

E[S(X,0),S(X,0)']
82%logf(X,0
:_E[ a%%' )}
X =(X1, - ,X,) and
X; ~ iid = 1(0) = nJ(6)

Cramer-Rao inequality:
E[f] =0
= var(f) > 1(0)!
I1(6)~': CR lower bound

Unbiased 6 is efficient
if var(0) = 1(6)~!

V0, — 0) < N(0,02)
= 0, is asympt. efficient
if o2 =1(0)~*

* Info Mat of original pdf

limiting dist. of MLE
MLE is asympt. efficient

V(e —0)
4 N(0,1(0)7Y)

* Info Mat of original pdf

Bayesian Estimation:

L(x|0)h(6)
K0l2) = t="Taimn@m
(posterior)

C': critical region
reject Hy when z € C
Power(0) = Pr(X € C|9)
Pr(Type I error)=Pr(X € C|0 € Oy)
Pr(Type II error)=Pr(X € C°|6 € ©1)

Size « of a test is
a = maxgeo, Pr(X € C)

C is optimal for tesing Hy against H;
if for any critical region A of size «,
Pr(X € C)> Pr(X € A) under Hy

Neyman-Pearson theorem:
The optimal test has

C= {x Hz.bh) >k}

f(x,00) —

Uniformly Most Powerful test: a test with
C optimal against any p = 1 € Hy

LR (Likelyhood Ratio) test:
X ~ f(x@) Hy:0€0y,H:0€c0,
LR — S'Poce f(z,0)
SuPgco, f(7,0)

LR test is C = {z|LR > k}
where k is chosen so that the size = «

Asymptotic test: LR, Wald, LM~ X%

2 (S0 log £(X0,0) = Y0 log £(Xi,60))
n(é — 90)’1(9)@ —6p)

iy S(Xi, 00)' T(80) 7 [y S(Xi,60)]

Linear Regression Model:

Y1 x1 €1
Y= ,X: € =
Yn Tn En
y:Xﬂ+5 e~ N(0,0%1)
B:( X)~ 1X’y—ﬁ+(XX) 1x7/e
N(B,0*(X'X)™)
i=y—Xp=y—-X(X'X)"'X'y
= My M(XﬁJre)
= (I - X(X'X)"'X")X3+ Me = Me
(R = = (5 M(3) ~ X

B is independent of s2
dB~ N(dB,0%d (X' X) c)
t = C,(ﬁ*ﬁ)

= —Lr = ~t,
sy/c(X'X)~1e n—k
da'z _ dx'a _ dAz _ dx’ A" _ g1
dz — daz @ dr ~— dx =A
d(Az)' (Bz) _ /
A (Br) _ (A'B 4 B'A)z



