
Econometrics Exercise 1

Consider Random Effects (Maddala) model.

yit = x′itβ + vi + wit

where

vi and wit are independent random variable.

E[vi] = 0

E[wit] = 0

V ar(vi) = σ2
v

V ar(wit) = σ2
w

Write this as
y = Xβ + u

where

u =




u1
...

un


 and ui ≡




vi + wi1
...

vi + wiT


 =




1
...
1


 vi +




wi1
...

wiT


 ≡ lvi + wi

E[u] = 0

V ar(u) =




Σ · · · 0
...

. . .
...

0 · · · Σ


 and Σ = V ar(ui) = V ar(lvi + wi) = σ2

v ll
′ + σ2

wIT

Defining Ω = V ar(u) = IN ⊗ Σ, infeasible GLS estimator of β is

β̂ = (X ′ΩX)−1X ′Ωy

Show that we can write
β̂ = (Wx + θBx)−1(WxbW + θBxbB)

where

θ is some scalar.

Wx =
∑

i

∑
t

(xit − xi)(xit − xi)′

Wxy =
∑

i

∑
t

(xit − xi)(yit − yi)

Bx =
∑

i

∑
t

xix
′
i = T

∑

i

xix
′
i

Bxy =
∑

i

∑
t

xiyi = T
∑

i

xiyi

bW = W−1
x Wxy and bB = B−1

x Bxy

1



Solution Note that

X ′Ω−1X =
(
x′1 · · ·x′n

)



Σ · · · 0
...

. . .
...

0 · · · Σ




−1 


x1
...

xn


 =

∑

i

x′iΣ
−1xi

Since1

Σ−1 = (σ2
v ll

′ + σ2
wIT )−1 =

1
σ2

w

(
− σ2

v

Tσ2
v + σ2

w

ll′ + IT

)

we have

X ′Ω−1X =
1

σ2
w

∑

i

x′i

(
− σ2

v

Tσ2
v + σ2

w

ll′ + IT

)
xi

=
1

σ2
w

∑

i

x′i

(
IT −

σ2
v + 1

T σ2
w

Tσ2
v + σ2

w

ll′ +
1
T σ2

w

Tσ2
v + σ2

w

ll′
)

xi

=
1

σ2
w

∑

i

x′i

(
IT − l · 1

T
l′ +

σ2
w

Tσ2
v + σ2

w

l · 1
T

l′
)

xi

=
1

σ2
w

∑

i

(
x′i

[
IT − l(l′l)−1l′

]
xi +

σ2
w

Tσ2
v + σ2

w

x′il(l
′l)−1l′xi

)

=
1

σ2
w

∑

i

[(
xi − lx′i

)′ (
xi − lx′i

)
+

σ2
w

Tσ2
v + σ2

w

(
lx′i

)′ (
lx′i

)]

=
1

σ2
w

∑

i

[∑
t

(xit − xi)(xi − xi)′ +
σ2

w

Tσ2
v + σ2

w

· Txix
′
i

]

=
1

σ2
w

(
Wx +

σ2
w

Tσ2
v + σ2

w

Bx

)

Also

X ′Ω−1y =
1

σ2
w

∑

i

[∑
t

(xit − xi)(yi − yi) +
σ2

w

Tσ2
v + σ2

w

· Txiyi

]

=
1

σ2
w

(
Wxy +

σ2
w

Tσ2
v + σ2

w

Bxy

)

=
1

σ2
w

(
WxbW +

σ2
w

Tσ2
v + σ2

w

BxbB

)

Define

θ =
σ2

w

Tσ2
v + σ2

w

then
β̂ = (X ′ΩX)−1X ′Ωy = (Wx + θBx)−1(WxbW + θBxbB)

1Let αll′+βIT be the inverse matrix of all′+ bIT . Since IT = (αll′+βIT )(all′+ bI) = (Tαa+αb+βa)ll′+βbIT ,

β =
1

b
and α =

1

b
· −a

Ta + b

2


