Econometrics Theoretical Exercise 2: by Yang, Yong Hyeon

Consider a simple model
yit%lN(aig,Qo), t=1,---,Tyi=1,---,n
o 1 42
log f(yit; 0, a;) = C — 3 log 6 — (gt — )" ;‘9%)
Adopt simpler notations «; (0, €) = «;(0, Fi(¢)) and 6(e) = 6(F(¢)).

Q1. Obtain
0
uit(0, ) = 2 log f(yit; 0, @)
0
vit(6, @) = 5 —log f(yir; 6, @)
o 0
ul’tl = T%Uit(eo’ aiO)
vy = aiaivit(emaio)

Conclude that
Elvg] ' Elug] = 0
and

1 (yi — @)?
Uit(Q,a) = —% + (t202)

Solution  Differentiating the log likelihood,

8 1 it — 2
uir (0, o) = %bgf(yit;@,a) Y + (yt2‘92)
0 it — Q
vt (0, ) = D log f(yit; 0, ) = yt@
0 Yit —
9o ) =~
—vy(0,0) = fl
8a¢v’t )= ¢9
So
i — _ Yit — %o
it 98
v = S
it 00
and thus
. By — oy
05
(o7} 1
E[Uit] = %



Therefore,
Epg 1 'EmS] =0

and also
Ui (0, ) = ug(0, @) — Ev5y ] ' Eluf (0, o) = uin (0, ) = _i + W
Q2. Note that «;(0,¢€) is a solution to
0— - E) (dy)

or multiplying both sides by 6, it is a solution to

O:<1—6ﬁ>/( — ) F;(dy) +6\F/ — a)Fy(dy)

:(1—eﬁ)/(y—a)\/21ﬂ—aoexp( _azo )dy+eﬁ;,§;(yu—a)

Show that this can be equivalently written as

0=—(a— )+ e\/fﬂi
where
Uit = Yit — Q%0

Conclude that

ai(é, 6) = w40 + Gﬁﬂi

Solution  From the second equation, a;(#, €) is a solution to

(1—6\/>) Ely —a]+6ﬁ;i(yit—a)
t=1

T
1
(1 — eﬁ) Ely — aijp + o — o] + eﬁf Z(yit — @i + aip — @)

t=1

(1—6\/T)E[y—041'0]+ (1—6@) (aio—oz)—l—ex/T%i(y—%o)%—e\/T(aio—a)
t=1

T
1
= (ip — @) +€\/TTZU“
t=1
—(a — o) + VT

Hence,

a;(f,€) = a0 + e\/Tﬂi



Q3. Note that 6(e) = 0(F(e)) is the solution to

R 1 [y — a0, €)]? ,
o_;/(—%+292 dF(e)
- 1 [y —ai(8,6)]? - / 1 [y—ai(0,0]?\ =
=(1-— —— —_— i —— —_— i d
( eﬁ);/< 5T 507 F(dy)—i—eﬁ; T 507 (dy)
Multiplying both sides by 262, we can conclude that it is the solution to

0= (1-evT) Z; / (=0 + [y — ai(6,€)”) Fi(dy) +eVT Z; / (=0 + [y — ai(6, ))%) Fi(dy)

(a) Show that
10+ (=) i) = 60— ) + ( — )’

Solution

=E[-0+(y—a)?]
=E [0+ (y — oo + cip — )]

=FE [0+ (y — i0)* + (oo — @) + 2(y — vio) (cvip — )]
= =040y + (o — a)2 + 2E[y — ajo] (a0 — @)
= —(0 = 6o) + ( — cvip)?

(b) Show that

T
~ 1
/ [—9 + (y — oz)Q] Fi(dy) =—(0 —60p) + = E —00) — 2(r — o) Ty + (o — vip)?
T

Solution

el
M=

/ [0+ (v — )] Fi(dy) = [0+ (y — a)?]

t=1

|
el
M=

[—9 + (y — aip + o — 04)2]

t=1

Il
el
M=

(=0 + (y — @i0)” + 2(y — o) (o — @) + (v — @)?]

T T
1 1
=—0+ E uZ, + = E 2ui (oo — @) + (o — @)?

1

9 90 — 90 — 2 a — Oélo)’UJz + (Oé - Oéio)Q

”Mﬂ



(c) Combining (a) and (b), conclude that

1_6\F Z/ —0+ (y — a)?] Fy(dy) +e\FZ/ —0 + (y — @)?] Fy(dy)

= —n(0 —6) + Z(a — alo Z Z —6y) — 2¢ Z(Oz — a4p) (\/Tﬂl)

i=1 zltl =1

Solution  Since
(1-evT) Z/ 0+ (g~ )] Eidy) = —n (1 e/T) (0 b0) + (1 «VT) D (o~ ao)?
=1

and
efz/ 0+ (y— a)?] Fi(dy)

n T
:—TLE\/>(9 o) —i—E\/T;ZZ —6p) —2eﬁZa—alouz+6\/>Za—alo

=1 t=1

we have

(1 — ex/T> z":/ [—9 + (y — a)Q] Fi(dy) + eﬁzn:/ [—0 + (y — a)2] }?’Z(dy)

=1

1 n T
—n (6 — o) —i—e\FTZ”Z; —26\f2a—azouz+2a—azo
n n T n
= —n(0 — o — oy < ul — — 2¢ o — oy Uj
= (0= 60) + 3 (o~ + 75303 S — ) 263 ( o) (V)

(d) Plug a;(6, €) — cip = ev/T;, and conclude that

(1 — ex/T> Z/ (—«9 + [y — (6, e)]2) Fi(dy) + eﬁZ/ (—0 + [y — (6, e)]z) ﬁl(dy)
i=1 i=1

n T n
0 90 ET Z Z(u?t — 00) — ¢ Z (\/Tﬂl)2
=1

i=1 t=1

Solution

(1 - ex/T) Z/ (=0 + [y — i (8, €)]?) Fi(dy) + e\/TZ/ (=0 + [y — (0, €))?) Fy(dy)
i=1

n n

:_n(0—90)+262<ﬁﬂi>2 zz 90—2eze<\/fm>2

n

n(6 = 00) + — 33—t - (V)

=1 t=1 =1



(e) Conclude that

n T 2 n 9
O(e) — 0 — ) — < Tu;
(@ =t = 75 3= t) = 3 (VTw)
Solution  Now that 0(e) is the solution to
n T n
9 90 ETZZ —(90 —6 Z(\/TﬁfL)Q
i=1 t=1 i=1
So .
€ < e & 2
0(e) — Oy = nﬁ;;(uzt —6y) — lzl (\/Tul>
(f) Verify that
6(0) = 6o

Solution  Plug e =0 in (1), then

0(0) — 6y =
or equivalently,
6(0) = 6y
Also, plug € = ﬁ in (1), then
1 1 n T 1 n 9
0| —= | —0p=— — - — Tu;
(ﬁ) 0 nT;“(““ 0) T; <\F )
and thus
1 1 n T n
0| —= | =— uh — — Tu;
1 n T
= FZZ(“%& —u?)
i=1 t=1
T



(g) Show that

Solution  Take a derivative of (1) with respect to ¢, then

and thus

Take a derivative once more, then

n =1
Therefore,
0 (0) 1< \2
2 n Z; (‘/T“>
(h) Show that
0<¢(0
0 = —0o + 0p(1)
2
Solution Note that
1< 1
U; = qult ~ N <0, TH())
t=1
and thus )
\/Tﬂi ~ 2
N

Note also that (v/T;)? is iid over i in this model. Use weak LLN to obtain

" 2
:LZZ; (\/TEJQ =k [(\/Tﬂl>2:| +0p(1) = 6o E (%Z> +0p(1) =6y + 0p(1)

Therefore,
066 (0)
2

= —00 + 0p(1)



Additional Comments  We can solve (h) without deriving the exact distribution of w;. How-

ever, this method is confusing. Note first that since wu;; is iid over t,

[(\Fu) } B [Ta2] = E[u2] = 6,
Also

() < var e
= Var Z ul + = Z Wity

s;ét

= —Var T2 E E Cov(Uipiq, WisWit) "y 1s iid over 4, ¢
p#q s#t

2 L2 2
Var( 2) = %OVar ([;%] ) = %

2
} ~ x3. Now consider the second term.

Y Covluiptiiq, uisuir) = > (E [wiptiquisuit] — Eluipuiq E [uz’suit]>

p#q s#t p#q s#t

= Z Z Eluipuiquisu]
p#q s#t

= Z Eluipuiquisuiz] + Z Eluipuiquisu]
p=s#q=t p=t#q=s

_2ZE Uis zt

sF#t

=23 E[ul]Eluf]
sF#t

= 2T(T — 1)63

The first term is

Uit

N

since [

Therefore,

12\ 205 2T —-1)0; .
r<[ﬁu’]>_T+T_200<OO

Since (V/T7;)? is iid over i, apply weak LLN to write

0 v, _p [(\/Tu)z] S

2

or equivalently,
066 (0)
2

= —0y + 0,(1)



