Econometrics Theoretical Exercise 3: by Yang, Yong Hyeon

Consider a simple model where

Vit = OoTit + it
xit:aiﬂ—’_wita (t:177Tuz:177n)

For simplicity, we will assume that (g;;, w;;) is normal, and iid over i and t. We consdier the 2SLS
for 6, which can be characterized by the following:
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where z;; = (yit, xi¢) and

u(zit; 0, ) = oi(yir — Oou) = uin(0, @)

v(zits ) = T — a = vig(@)

Q1. Show that
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Uy = Yit — 2000
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Conclude that
E[vg ] Elug] = fpcio

and
Uit(0, ;) = ai(yir — Ooy) — Opovio(zir — 0v)

Verify that Uj* = Uj;* (6o, cvio) has a zero expectation.

Solution Note first

vy () = —1
So
v =05 (ouo) = —1
Also
uy (0, 04) = yir — 200y
and thus
ugy = ugy (0o, aho) = yir — 2000

Therefore

E[uzo?] _ Elyit — 20p0vio] . oo — 20000
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Define
Uir(0, i) = wie(0, i) — Blogy| ™ Blug v (i) = ai(ya — 0i) — ocio(xi — )

Then,
Ugi (97 Odi) = Yit — 20c; 4 Bpavio

So
EUS Y = E[U (0o, io)] = Elyit] — 2000 + oo = 0

Q2. Prove that Uﬁ = Ug(@o, ajp) has a characterization
Uz’% = —szzo
Conclude that

_E[Uzgt] = azz()

Solution  From (1),
US(0, ) = —a?

(2

So
Uf, = Ufy(60, i) = —ay

and thus
—E[UZ] = O‘?O
Q3. Prove that

Uz'ot[i (07 ai) = yit — 20c; + Opovp
Uf{iai(&ai) — _29

Conclude that
Ui’ = i — boio
Uy ™ = =269
Solution  Recall (2).

Ui?f[i (07 Oéi) = yit — 200; + Opao
U’Lotébal (07 ai) = —260

So

Ui = yir — 2600040 + Oovio = yir — ocrio
U™ = UG (0o, aip) = —269



Q4. Prove that
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- E[USY
Ug' — ﬁégi]vit =&t
Solution  From Q1,
v
E[;}m = Vit = —Uz‘t(aio) = —(JUit - aio) = —W;t
So
) E[Ufliai] ) E[UQiai]
Ui’ — ﬁ;gi]v“ =Uy' + #twit (see above)
= yit — Oocvio — OBowyy (- Q3)
= yit — Qo

Q5. Prove that
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Solution  The first equality uses Q2 and Q4. Now assuming that Flwy| = Ele;] = 0,

1 < 1 < 1 —
(\/T;wit) (\/T ;&%) = T Z WisEit

s,t=1
1 <& 1
=7 Z Wit€4t + T Z WisEit
t=1 s#tL

= B (wy — Blwu]) (e — Bleal)]

= Cov(wit, 5it)
1 n 2 . . . .
Assume that - > | aj) converges, then since Cov(w;, e) is iid over 4,
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