2005 Fall Part 1

1. Confidence 1nterva1 with t-test (a)
Since # — B = (X'X)"'X'e and € ~ N(0,021,),

B—B~N(0,(X'X) ' X'o?[,X(X'X)"!) = N (0,02(X'X)7})

b
it 2ufﬁces to show that B — [ and e are independent of each other.
e = y—Xp
= y—- XX X) X'y
= [I-X(X 1X 1y
= [I-X(X X' (XB+e)
= [I-X(X 1X le

Recall that when Z is normal, AZ and BZ are indendent of each other iff AB’ = 0. Since
T-XX'X) ' X]XX'X) ' =XX'X)"'-X(X'X)"' =

B — 3 and e are independent of each other.

(c)

Recall that when Z ~ N(0, I,,) and P is symmetric and idempotent, we have
Z'PZ ~ X?T(P)
Let P = [I — X(X'X)"'X’], then P is symmetric and idempotent. Since e = Pe,

e'e = (Pe) (Pe) = &' Pe

=)

Here (£) ~ N(0,1I,,), so we only need to show that tr(P) =n — k.

Thus

tr(P) = tr(l,)—tr (X(X'X)"'X')
= n—tr((X'X)"'X'X)
= n—tr(ly)
= n—k
(d)
Recall that when Z ~ N(0,1) and Y ~ X;Q) are independent of each other,
Z
~ t(p)
Y/p
From (a),
d(B=pB)~N (0,6 (X'X)" ")
and thus —~
/ J—
z = B0 N(0,1)



From (c), ( 152
_(n—k)s 9
Y="r32 "~ Xn-k

From (b), z and y are independent of each other. Therefore

S Ve s W
y/(n —k) \/s%/o? s2d (X' X))~ e

.

s2(X'X) e

< t.975,n—k> =0.95

and 95% confidence interval is

C’B:t t.or5n—kV 2 (X' X)"te

2. Consistency
By Markov inequality,

E[lY, — 02
Pr(Y,— 0] 2 o] < 2 0]
g
Note that
E[|Y, — 0] = E[|Y, — E[Y,] + E[Y,] — 0)?] = E[|Y, — E[Y;)]]] + (E[Y,] - 6)°
Here
lim E[|Y, — E[Y,]]?] = lim var(¥,) =0
9 2
lim (E[Y,] -0 = <MnEDH—9 =0

Therefore

lim Pr[|Y, — 0] >¢] < lim

n— 00 n— o0 £

for any € > 0, which is equivalent to Y;, = 6.

3. Summation of independent Poisson distribution
MGF of > | X, is
E [et i XI} = [etXittXatebtXn]
- E [etXl etXe etXn,]
= F [etxl] E [etxz} ) [etX"] *." independence
= exp (pu e’ — 1) exp (pzle’ —1]) - exp (pnle’ —1])
exp ([ + p2 + - + pa]le’ = 1])
This is MGF of Poisson distribution with mean > y;.

4. Convergence
(=)
lim Pr(Y, <k)

n—oo

<limp ool =Pr(|Y, —¢/|<c—k)=0 when k < c
> limy oo Pr(|Y, — ¢ <k—-c¢)=1 when k > ¢

Therefore the cdf of Y,, converges to the cdf of constant ¢, which means that Y, LN
(<)
lim Pr(|Y, —¢| <¢)= lim Fy, (c+¢e)—Fy, (c—¢)=1

n—oo

for any € > 0, so ¥, = c.



