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Dynamic Programming/Estimation
(1) Setting up Dynamic Programming Problem

Since €;’s are iid, the present discounted value of firm’s future profits is

oo
V(at, eot, €1t) = max {H(auit,ﬁom&t) + Z ﬂstE[H(aS,is,sos,éls)mtait]}

Uttt 1,042, s—irl

Writing this equation recursively, we have the following dynamic programming problem.

V(ag, o, €10) = max {H(at,it,&‘ouilt) + BE[V (141, €0t4+15 €1¢4+1) | at, Zt]}
t

(2) Rust’s Alternative Specification
Define V and V; as follows.

Volar) = 6rar + BEV (@41, €041, €1¢+1)|at, it = 0]
Vilar) = R+ BE[V(ai+1,c0t41,1041)|at, it = 1]

Using Vo and V', we can rewrite V as
V(at, €ot, €1t) = max {v0<at) + eot, Vilar) + €1t}

So Vg and V' would be

Volar) = 61a;+ BE [max {Vo(atﬂ) + eot4+1, Vi(aes1) + 51t+1}‘ata 1y = 0}

Vi(ay) = R+ pBE [max {Vo(at—i-l) + eot+1, Vi(aes1) + 51t+1}‘at7it = 1}

Since €;’s are Logit errors,

Volas) = 6ras+ BE [0.5772 + log (eWatH) n eWatﬂ)) ‘at, i), = 0}

Vi) = R+BE [0.5772 +1og <eVO<“t+1) tev (at+1>) ‘at, iy = 1}

This expectation is easy to calculate given that a; has the following first order Markov process.

~ min{5,a; + 1} ifi;, =0
a1 =19 fa o1
For example,
Vo(3) = 361+ 505772 + log (700 4 V1))

Vi(3) = R+B8[0.5772+log (700 41 (1)]
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(3) Preliminaries
Using value function iteration method, we can get V(a;) and Vi(a¢) at the five values of a; as

follows, when the parameter values are such that ; = —1 and R = —3.

Q¢ V()(at) Vl(at)

1 | —10.1692 | —11.4027
2 | —11.5172 | —11.4027
3 | —12.6576 | —11.4027
4 | —13.7106 | —11.4027
5 | —14.7106 | —11.4027

When a;=2, V(a;) = —11.5172 and V1 (a;) = —11.4027, so the firm is indifferent between replacing

its machine or not if
Volar) + ot = Vi(ar) + €10 <= eor —e1r = Vi(ar) — Volar) = 0.1145

The probability that this firm replaces its machine is

_ _ eVilar)
Pr(V >V = — — ~ 0.5286
T ( l(at) + €1¢ O(Clt) + EOt) eVO(at) + evl(at)
If a firm has a; = 4, e = 1 and €1 = —1.5, then
Volay) +e0¢ = —12.7106
Vila)) +ey = —12.9027

So the PDV of future profits for this firm is

V((lt, 5015,5115) = max{vo(at) -+ sot,Vl(at) + 51t} = —12.7106

(4) MLE
For any 6 = (61, R), we can get value functions V and V1. Then the probability that the firm

with a; replaces the machine is given by

evl (aj)

p(aj) r (Vi(ay) +e15 > Volay) + €o)) Volas) 4 Vilay)

An individual likelihood function is then
flaj,iz;0) = plag) 1 — p(az)]' "

ML estimator § maximizes a joint log-likelihood

max l(a,i;0) ogf aj,i;;0

||Mz
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MLE | —1.1484 | —4.4464
(s.e.) | (0.0749) | (0.3210)
73 Vo(at) Vl(at)

1 | —16.9954 | —19.1213
2 | —18.6826 | —19.1213
3 | —20.0337 | —19.1213
4 | —21.2499 | —19.1213
5 | —22.3983 | —19.1213

(5) Standard Error
ML estimator § has the following asymptotic distribution

V(- 0) < N (0 it00) )

where i(0y) denotes the information matrix of the likelihood function. So its large sample variance

is given by
~ 1
Var(0) = —
ar(0) N

E 6log f(aj,ij;ﬁo) 810gf(aj,ij;90) -1
00 oo’

We can approximate this by

-1

v 1 1i310gf(aj,ij;5)alogf(aj,ijsé\)
N szl 96 90’
-1
_ ialogf(aj,ij;malogf(aj,ij;m
~ 06 o0/

The partial derivatives should be numerically computed. Perturb # around ) by a little and get a
log-likelihood, then we can approximate its derivative by its slope. Standard errors are reported in
the top table.

(6) Modification of the Model
(a) There would be no change in any expression except for a transition matrix. A transition matrix

of a; in the case of i, = 0 would change as

01000 A 1=2A 0 0 0
00100 0 A 1-A 0 0
00010]—|2O0 0 A 1—-A 0
00 001 0 0 0 A 1-A
00001 0 0 0 0 1

while that in the case of i; = 1 does not change. So the value functions V and V1 would depend

on A as well as 7 and R. This ensures that X\ is empirically identified. If different A is used, we



will have different value functions. As A is greater, value functions would be greater too, since
then machines are less likely to break down. As in (4), we can use ML estimation to find 6;, R,
and A that maximize a joint log-likelihood. Since the data are a random sample of machines, ML

estimator is consistent, and thus A can be consistently estimated.

(b) We can find two different sets of value functions for 6;4 and 6;5. The dynamic programming
problems for both types of firms are the same as before, since there is a difference only in parameters
between two types, not in structures such as profit functions or transition matrices. But the
likelihood function would change. Assume first that we have data on types of firms. Let s; = 1 if
firm j has 614 and s; = 0 otherwise. Once we get value functions corresponding to 614 and 01 p,

we can compute the probability that a firm with a; and s; replaces the machine as follows.

eVialay)

) = Pr(V j >V j Vv v
pA(a]) I'( 1A(CLJ)+51] OA(aj)+80]) eVOA(aj)+€V1A(aj)

eVlB (aj)

) = Pr(Viglay) + 21, > Voslay) + ;) = — )
pB(CL]) r( 1B(a])+61] OB(a])+€OJ) eVos(a;) 4 ¢Vis(a;)

An individual likelihood function is then
flaj,ij s5:601,R) = I(sj =1)-pala;)[l —pala;)]' " + I(s; = 0) - pp(a;)[1 — pgla;)]' "
= spal@) [ = palep)]' ™ + (1= ) plas) (1 — pplas)] >

Again ML estimator maximizes a joint log-likelihood

N
1
%}ax l(a,i,s;01, ):Nzllogf(ajaiﬁsj;el?R)

Now assume that firms’ types are unobservable to econometricians. We have to form a likelihood

function using «. « is a parameter to be estimated. An individual likelihood function is

flaj iz;on0,R) = Pr(sj=1)-pa(a;)[1 —pala;)]' =% +Pr(s; = 0) - pp(a;)[1 — pp(a;)]' ™
= apala;)i[l —palay)]"™" + (1 - a) - pplay)“[1 — pp(a;)]" ™"

ML estimator maximizes a joint log-likelihood

N
1
max [(a,i;0,01, R NZIng aj,ij;a, 01, R)

o,01,R

(c) Everything is the same, except for a slight change in the joint log-likelihood function. This is
because e;’s are iid and the law of motion for a; is deterministic. For example, in the case we do

not observe firms’ types, ML estimator maximizes the following joint log-likelihood.

N T
. 11 .
O{%?’i% l(aal;OZ?elaR) = N? ]Zlglog f(ajtyljt;aaelaR)
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(d) In this case, we have to set up a different dynamic programming problem. We can think of 6,

as a state variable, not as a parameter. There is a law of motion for 8; given as follows.

01+ ifi; =0
91t+1 = 01,4 W.p. « e
018 w.p. 1—«a if iy =1

Then the current period profit using a machine of age a; and type 61, is given by

O1ra: + ot ifi; =0

H(ataityeltygotaglt) - { R+ 1 if it -1

The initial Bellman equation is defined using the above state variables and functions.
V(at, b1t, €ot, €1t) = max {H(at, it, 01¢,€0ts €1¢) + BE[V (atq1, 01641, €otv1, €1e41) |a, i, 91t]}
t

Here we can use Rust’s alternative specification, too. Now there are three types of value functions.

Voalar) = 01aa: + BE[V (ats1, 01641, €0t+1, €1641)|az, ie = 0,01 = 01.4]
Vog(ar) = 01par + BE[V (art1, 01641, 0t+1, E1e41)|at, it = 0,01, = 615]
Vi(ar) = R+ BE[V(at+1,01641,€0t41,€1041)|at, O1¢, 5 = 1]

V can be replaced by an expression using Vs, Vog and V.

max 4 Voa(aii1) + cotr1, Vi(arr1) + 1641 ifiy = 0,01 =014
V(ag1,---) =< max{ Vop(ar1) + o1, Vilasr1) + €141 it iy = 0,01 = 0B

max OéVoA(aH_l) + (1 — Oé)VOB(aH_l) + €0t+1,V1 (at+1) + Elt—l—l} if it =1
Then,

Voa(ar) = Oraa.+ BE [maX {VOA(atJrl) + o141, Vi(ars1) + 61t+1})ata iy = 0}

Vog(ar) = bipatr + OE [maX {VOB(GH-I) + eot4+1, Vilats1) + 51t+1}‘at7it = 0]

Vila) = R+ BE [max {aVoa(ar) + (1 = a)Vos(ac) + o, Vilars) + e flarsie = 1]
Use the Logit error assumption to rewrite the functions as

Voalar) = 0O14a; + BE [0.5772 + log (eVOA(‘““) + eVl(‘““)) ’at, iy = 0}
Vog(ai) = 01pay + BE {0.5772 + log (eVOB(‘”“) + evl(at“)) ‘at, iy = 0}

Vi(a;) = R+ GE [0.5772 +log <ea70A(“t+1>+<1—a)703<“t+1> + evl(“m)) ‘at, i = 1]

The rest of the procedure would be the same, such as iterations on value function and ML estima-
tion. One more complication I did not adopt here is that each type of machine might have different
realizations of £;’s. While it does not require much modification of the above procedure, it is not

reasonable that a firm sees egay+1 and egpir1 before replacing the machine.



(7) Hotz and Miller Algorithm
We have the following problem.

P(50) = g(h(P(-):0):0)
Use a consistent estimator P(-) for P(-;6p), then P(-;6) would also be consistent if 6 is consistent

for 0y. We can construct a consistent estimator p(a) for the probability that a firm with a replaces

the machine as .
5(a) = #replacements at a Sty I(a; =a,ij =1)
i N
#firms with a Zj:l I(a; = a)

Using this estimated policy function, calculate the value function as

Viag,eor,e1e) = [1—play)] (91at + ot + BEV (ar41, €041, E1e41)|at, it = 0])
+plar) (R + 1t + BE[V (a1, €ot+1, E1e41)|at, it = 1])
Take expectation with respect to e¢’s, then
V(ay) = B[V (as. o.e10)] = [1 — plar)] («91at + Eleot|as, ir = 0] + BE[V (ari1)|ar, ir = 0])
+i(ar) (R + Elevlar,is = 1]+ BEV (as)lar, i = 1))
Note also that
Eleolat,ie = 0] = 0.5772 —log [1 — p(a)]
Elenar, iz =1] = 0.5772 —logpl(ar)

We have only 5 values of a;, so the above equations can be rewritten using vectors. It is very easy to
solve for V. Now use V'(a;) to derive the policy function p(a;), the probability that a firm replaces

the machine when it has a;.

ﬁ(at) = PI‘ (Hlat + Eot + ﬁE[V(at+1)‘(1t, it = 0] > R + E1t + 6E[V(Cbt+1)‘at, it = 1])
6R+ﬁE[V(at+1)‘at7it:1]

691 at -‘rﬂE[V((Ierl ) |at it :0} _|_ 6R+6E[V(at+1 )l(lt ,itil]

Use a moment condition, Efi; — p(a;)|a;] = 0 to do GMM estimation.

el e =0

Elg;(0)]

Its variance would be

o= (o351 o (e 247])

01 R
GMM estimate | —1.1491 | —4.4553
(s.e.) (0.0774) | (0.3317)




