Problem Set 2 Solution
April 22nd, 2009 by Yang
1. More Generalized Slutsky Theorem

[Simple and Abstract]

sup|Ln (v, B) — L(%, Bo)| = sup|Ln (v, Bn) — L(v, Bn) + L(¥, Bn) — L, 5o)|

yer ~el
< sup|Ln (Y, Bn) — L(7, Bn)| + sup|L(7, Bn) — L(7, Bo)] (1)
~el ~el

<sup  sup |Ln(7,8) — L(y, B)| + sup|L(v, Bn) — L(v, 5o)]
~€T BeB(Bo,e) ~er

= 0p(1) + 0p(1) = 0(1)

where the third line can be obtained with probability approaching 1, and the fourth line follows from

the assumptions (i), (ii) and (iii).

[Formal and Detailed]
Take any £ > 0. Note that by (1)

n—oo ver

lim Pr (supan(%Bn) — L(v, Bo)| > 5)

< lim Pr (surJan(%Bn) — L(7, Bn)| + sup|L(v, Ba) — L(7, Bo)| > 5)

n—0o0 yel yel
S lim Pr Sup|Ln(’Y7Bn) - L(,YHB\TL” > § + lim Pr Sup|L(’773n) - L(Vaﬁ0)| > §
N—00 ~er 2 n—oo ~yerl 2
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Partitioning the event in Al yields

Ay = lim Pr (suan(vﬁn) — L(v, Bn)| > g and |3, — Bol| > 6)

n—oo ~er

+ lim Pr <sug|Ln<% Bu) = L Bu)l > 5 and 1B, — ol < )

< Tim Pr(|Bn — Boll > €) + lim Prsup sup |La(y8) —L(1.8)| > 5 ) =0
n—oo n—oo ver 563(50,6) 2

where the last equality follows from the assumptions (i) and (ii). Also by the assumption (iii), there

exists § > 0 such that for any 5 € B(fy,d)

N[

sup|L(v, 8) — L(v, fo)| <
~er



This implies, by contrapositive,
Ay < lim Pr(||3, — Bol > 6) =0
n—oo

where the last equality follows from the assumption (i). Therefore, we have

neo ~yer

lim Pr (Suan('YaBn) - L(77ﬁ0)| > g) =0

for any £ > 0, which completes the proof.
2. Eicker-White Robust Covariance Estimation

(a) By \/T(BLS - f) 4z~ N(0,9), we have BLS 2, 8.} This implies, by continuous mapping
theorem,
Uy =Yi— X{Bs == Y, — X{B = U,

This implies in turn, by continuous mapping theorem,
EU?X,X| - EU2X, X|
Note that the LHS term is a random variable, while the RHS term is a scalar. Applying LLN,
1 X
= > UX,x] - EUP X X]
t=1

under the following assumptions.?

e FEU? < o0
o E|U2XyXtj| <ocforalli,j=1,---,K where K = dim(X;).

o E|X2X:;Xy| < oo foralli,jk=1,--- K.
Combining these two,
T
1 -
= > UX, x] - EUP X, X]
t=1
Also without any further assumption, by applying LLN,

T
1
T > X X[ EXX]
t=1

ITo see this, note that BLS - B = O,,(Tflm) as we will prove in problem set 3. So BLS — B =o0p(1).

2We may not apply iid version of LLN directly to % ZZ;I U2X,X/. This is because {ﬁt 1 <t < T} are not
independent. Instead, we apply uniform LLN to % ZtT:l(Yt — X/0)? X, X/ for € B(j3,¢). Since BLS is consistent for 3,
we can get the desired result under the described assumptions. See White (Econometrica, 1980) for details.

3Note this is not implied by E(UZ|X:) < oco.



Therefore, by multilication rule,
-1 T -1

T
1 1 «— ~ 1
= (T > thXt’> 7 > UPXX| (T > thXt’> L (EX X)T'EURX, XI(EX, X))t =Q
t=1 t=1 t=1

under the additional assumption
e EX,X] is nonsingular

(b) Suppose the assumption of conditional homoskedasticity holds so that E(U?|X;) = 0. Then the

variance of BLS simplifies as follows.
Q= (EX: X)) 'Ec*X; X(EX;X]) ! = 0?(EX; X]) ™!

So if we believe this assumption, we may use the following formula to estimate a covariance matrix.

T

~ R 1

QCH = 0'2 (T E XtX£>
t=1

where CH denotes “conditional homoskedasticity,” and 2 can be estimated by

-1

1 T R T
ot =5) Uf= Z ~ X{BLs)”
t=1 =1

If we are more dubious of the assumption, we can use the Eicker-White robust covariance estimator.

1 <& 1z 1 <&
Qe ==N"xx/] =N"02x.x =Y Xx.Xx/

Let us talk a little on how to program this. Denote by X, the matrix which stacks X/ by row. Define
Y, U and U in the same way. Then, Zthl X X] = X'X, and Zthl U2 = U'U. Therfore, to estimate
QCH, we can use OmegaCH = (Uhat’ * Uhat / T) * inv(X’ * X / T), or simply drop both 1’s.

-1

However, 23:1 ﬁthth cannot be simplified using matrix notation.* The most straightforward way
to calculate it is using a loop. But there is a simpler way to do this in MATLAB, using element-wise
multiplication. Define W; := ﬁtXt, and denote by W, the matrix which stacks W/ by row. Then,

T T
WW =Y W,W =Y UX,X]
t=1 t=1
Note that W is the matrix obtained by multiplying ﬁt to each element in t'th row of X. This is
equivalent to element-wise multiplication of UL’ and X, where L' is a 1 x k row vector of 1’s. So by

doing W = (Uhat * omes(1,k)) .* X, we get such a matrix. Therefore QEW can be calculated by
OmegaEW = inv(X’ * X / T) * W * W / T * inv(X’ * X / T).

Note that U'UX'X = (X1, UH) (X, X:X}) is totally different from Y27 U2 X, X].



See the MATLAB code posted for details. It would be good to run the code with different choices of
R, T, k, and most importantly, c2. The following shows the result with two sets of parameters with
R = 1000, T = 100. On the left, k = 1 and 02 = 9, and on the right, k = 3 and 02 = 25.%

True beta 1.0000 1.0000 2.0000 3.0000

(estimates of beta)

Mean 0.9967 0.9833 2.0103 2.9852
Standard Dev 0.2930 0.5068 0.5054 0.5046
True Omega 9.0000 25.0000 0.0000 0.0000

Mean Bias (estimates of Omegal: correct formula)
0.0964 0.3992 -0.0154 -0.0291

(estimates of Omega2: White formula)
-0.0527 -0.0192 0.0564 -0.1876

Standard Dev (estimates of Omegal: correct formula)
1.8753 5.1120 2.6270 2.5793

(estimates of Omega2: White formula)
2.5961 6.8917 4.3187 4.2576

R M S Error (estimates of Omegal: correct formula)
1.8769 5.1250 2.6257 2.5781

(estimates of Omega2: White formula)
2.5953 6.8883 4.3169 4.2596

Norm Stats Omegal Omega2 Omegal Omega?2
Mean 1.4679 1.9923 10.3988 15.1711
Standard Dev 1.1702 1.6641 4.1532 5.7600
Minimum 0.0002 0.0094 2.7274 4.2677
Median 1.2196 1.6877 9.6479  14.2907
Maximum 7.2610 15.2920 33.2757  48.9044

5You may try another set of assumptions on 3, EX,; X/, the distribution of X;, and that of U;. But when you change
the distributions of X; and U, make sure that the correct variances of X; and U; are used in the code.



To summarize the result, the standard deviation of each element of Eicker-White estimator is 30-40%
bigger than that of the estimator using the correct formula. So is the root mean squared error. But
looking at the mean bias, Eicker-White estimator is less biased (by mean) in many cases, especially
on diagonal elements. These properties hold for many choices of R, T, k, and o2 that have ever been
tried. In the table, “Norm stats” are also reported. The norm is the distance between true ) and
estimates ﬁ, calcualted by taking square root of the summed squares of difference in each element.
The distributions of 4 sets of 1000 norms are summarized as seen. This implies that the Eicker-White
estimator is bigger in general, but not that bad. Moreover it is robust to heteroskedasticity of errors,

so it would be better to use this formula if we are not sure of conditional homoskedasticity.
3. Asymptotic Theory

(a) Additionally we need to assume

1. [CF i] by € int(O)
2. [EE2ii] 2Qu(6n) = 0p(n~1/?)
3. g(f) € C?(Oy) for some neighborhood Oy C O of #y (with probability one)

4. % g(0p) has full column rank.
Note that we already assumed

5. \/A(Fa — m0) <5 N(0, Vp)
6. A, — A where A is nonsingular.
7. There exists a unique value 6§y € © such that mp = g(6o).
8. © is compact.
9. [EE] 6, € © and Q,,(6,,) < infgeo Qn(0) + 0,(1)
e ¢ is continuous.
o T
Since the last two are implied by 3 and 5 repectively, we need assumptions 1-9. Now let us check how

the above assumptions imply CF and EE2. EE2 is implied by 2-3 and 5-9. CF i is assumed in 1. CF
ii is implied by 3. CF iii is implied by 3, 5 and 6. To see what €}y is, consider

0 0 - o , , -
\/E%Qn(‘%) = _%9/(90>A;An\/ﬁ(7n —g(0)) = _%9 (HO)AnAn\/ﬁ(Wn — )



Define I'g := 2;g(6p). Then by 5 and 6,
Vi Q) 1 N(0, T} A’AVp A ATY)

Let us check that CF iv is implied by 3-7. The candidate for B(f) can be obatined by 3, 5 and 6.

0? 0 0 ok

56,08, 0) = g8 A Agg010) — 5 5 (04" Almo — 9(0)

[B(0)]m;j = plim

By 3, this is continuous in 6. Moreover, %Qn(ﬁ) is also continuous in 6, and by choice, Qg is
compact. So uniform convergence follows from pointwise convergence.

62

——Qn(0) — B(9)H 250

U 1 9e00’

[AS(SH)

Finally, B(6p) is nonsingular by 4 and 6. When evaluated at 6y, the second summand of [B(6p)]pm; is

0, so
BO = B(eo) = 2gl(ao)fl/fl a

(9(9 wg(Qo) = F,OA/AFO

So the asymptotic normality follows.

V(@ — 80) N(o, (rgA’Aro)—lrgA’AvoA’Aro(rgA’Aro)—l)
(b) We need to assume the following.

1. [EE] 6, € © and Q,(8,)) < infaco Qn(6) + 0p(1)

2. [ID1 i] © is compact.

3. G(6,7) is continuous in 6 at 7 = 7.

4. There exists a unique value 6y € © such that G(6p, 79) = 0.
5. Ap - A where A is nonsingular.

6. T —— 7o

7. SUPgee SUPreB(rye) |Gn(0,T) — G(0,7)| 2,0 for some £ > 0

8. G(0,7) is continuous in 7 at 7y uniformly over 6 € ©.

Let us first determine what Q(0) is. By 5-7, we have pointwise convergence such that for any 6 € ©,
Qn(0) == |AG(8,70)[%/2 = Q(6)

For this Q(#), ID holds by 2-5. In particular, 4 and 5 imply ID iii. To see this, note first that Q(6y) =0
and that this is the minimum since Q(0) > 0 for any 6. Suppose that 6 satisfies Q(6) = 0. Then, by



the property of norm operator, AG(6, 1) = 0. By 5, G(0,79) = 0, and thus by 4, § = 6y, which proves
ID iii. Now let us turn to UWCON. 2-3 and 5-8 imply UWCON. First, applying Question 1, 6-8 imply

sup||Gn(0,7,) — G(0,70)|| = 0
0cO

Using 2, 3, 5, 6 and this,

sup |Qn(0) — Q(0)| < sup |Qn(0) — G'(0,10) AL AnG(0,70) /2| + sup |G’ (0, 10) AL ARG (0,70) /2 — Q(6)]
0cO 0c® 0c®

1
<2-—sup|G'(0,710)|AL A, sup |G, (0,7) — G(0,70)| (wp approaching 1)
2 pco 6€0

1
+ = sup |G'(0,10)|| AL, A, — A’ Al sup |G(0, 7o)
2 pco 0c6

= Op(1)0p(1)0p(1) + Op(1)0p(1)Op(1) = 0p(1)

4. Monte Carlo Simulation: Goodness of Approximation to the Assymptotic Distribution

(i) As we derived before, under conditional homoskedasticity, BQSLS has the asymptotic variance of
o? (Emzz;(Ezzz;)*lEzZ:cfb)fl Since 02 = 1, Ez;zl = I and Ezu; =0,

Ex;2} = E(zinzl + u;z)) = 7' (Ez2) + Buizl = o'
and thus we can calculate the asymptotic variance as follows.
o’ (E:z:izg(Ez:izg)_1Eziazé)71 = (n'Igm)™ = e

It depends on K and n but not on p.

(ii) Looking at the first figure, we can see many huge outliers of estimates in the case where K =1
and 1 = 0.05. This is consistent with the fact that the 2SLS estimator has no finite first moment when
it is exactly identified. Even when 1 = 1, we can observe some outliers although they are not very
big. The 2SLS estimator tends to be biased when p = 0.95 and the instruments are weak. K and n

affect the variance of estimates in general.

(iii) In the second figure, the histogram of estimates was normalized so that the area of histogram bars
is 1, and the pdf of the distribution approximated by the asymptotic distribution is plotted together.
To focus on the shape of the distribution, the outliers are dropped from this figure. When n = 1,
the asymptotic distribution approximates the simulated distribution quite well, while it does not if
n = 0.05. When K = 1 and p = 0, there does not seem to be a bias, but there are outliers and
estimates which are not outliers are centered more than the approximated distribution. In the thrid
figure, the numbers drawn from the approximated distribution are plotted, along with the histogram

of estimates without rescaling. It looks similar to the second figure.

Since the asymptotic distribution is obtained by scaling EQSLS up by \/n, we always need to scale the asymptotic
variance down by n to get the approximated variance.



FIGUREL. Histogram of Estimates
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FIGURE2. Histogram and Approximated Distribution

K=1,eta=0.05,rho=0.00

0.3

0.2

0.1

-20 20

K=1,eta=1.00,rh0=0.00

0
-0.2 -0.1 0 01 0.2

K=10,eta=0.05,rh0o=0.00

-1 -05 0 0.5 1

K=10,eta=1.00,rho=0.00

15

10

-0.05 0 0.05

0.4

0.2

0
-0.2 -01 O

K=1,eta=0.05,rh0=0.95

-10 0 10
K=1,eta=1.00,rh0=0.95

0.1 0.2
K=10,eta=0.05,rh0=0.95

-1 -05 0 0.5 1
K=10,eta=1.00,rh0=0.95

-0.05 0 0.05

Estimates
— — — Approximate




FIGURES. Histogram and Approximated Distribution (simulated)
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